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Abstract
We study the propagation of a neutrino in a medium that consists of two or more thermal
backgrounds of electrons and nucleons moving with some relative velocity, in the presence of a
static and homogeneous electromagnetic field. We calculate the neutrino self-energy and dispersion
relation using the linear thermal Schwinger propagator, we give the formulas for the dispersion
relation and discuss general features of the results obtained, in particular the effects of the stream
contributions. As a specific example we discuss in some detail the case of a magnetized two-stream
electron, i.e., two electron backgrounds with a relative velocity ~v in the presence of a magnetic field.
For a neutrino propagating with momentum ~k, in the presence of the stream the neutrino dispersion
relation acquires an anisotropic contribution of the form kˆ · ~v in addition to the well known term
kˆ · ~B, as well as an additional contribution proportional to ~B ·~v. We consider the contribution from
a nucleon stream background as an example of other possible stream backgrounds, and comment
on possible generalizations to take into account the effects of inhomogeneous fields. We explain
why a term of the form kˆ · (~v × ~B) does not appear in the dispersion relation in the constant field
case, while a term of similar form can appear in the presence of an inhomogeneous field involving
its gradient.
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I. INTRODUCTION AND SUMMARY
Since the discovery of the MSW effect[1–3], for many years a lot of attention has been
given to the calculation of the properties of neutrinos in a matter background under various
conditions. The matter background modifies the neutrino dispersion relations [4–7], and also
induces electromagnetic couplings that can lead to effects in several astrophysical and/or
cosmological settings [8]. In supernova environments the presence of the neutrino background
leads to neutrino collective oscillations [9–14] that have been the subject of significant work
in the context of instabilities in supernovas[13–15].
It is now well known that the presence of a magnetic field produces an angular asymmetry
in the neutrino dispersion relation when it propagates in an otherwise isotropic background
medium [16]. Since many of the physical environments of interest in the contexts mentioned
include the presence of a magnetic field, a significant amount of work has been dedicated
to study the calculation of the neutrino self-energy in the presence of a magnetic field, or
a magnetized background medium [17], and the study of the properties and propagation of
neutrinos in such media [18].
In the previous calculations of the neutrino dispersion relation or index of refraction in
matter in the presence of a magnetic field[19–22], the electron and nucleon backgrounds are
taken to be at rest since there is no other reference frame defined in the problem at hand.
In the present work we extend those calculations by considering a medium that contains
various stream matter backgrounds, which have a non-zero velocity relative to each other,
and including the presence of a magnetic field. The effects of moving and polarized matter
on neutrino spin/magnetic moment oscillations and νL → νR conversions have been studied
by several authors[19–22]. We emphasize that our focus is different. We are concerned with
the calculation of the index of refraction or dispersion relation in the magnetized stream
media for a chiral Standard Model neutrino state.
In the context of plasma physics the propagation of photons in magnetized or unmag-
netized two stream plasma systems is a well studied subject[23–27]. Here we consider the
analogous problem for neutrinos. It is expected on general grounds that the presence of
the streams will produce corrections to both the the anisotropic and isotropic terms in the
neutrino dispersion relations, which depend on the stream relative velocities and the mag-
netic field. Our goal is to determine the corrections to the neutrino dispersion relation
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for a neutrino that propagates in such magnetized stream systems. Beyond the intrinsic
interest, the results are of practical application in astrophysical contexts in which the asym-
metric neutrino propagation is believed to produce important effects such as the dynamics
of pulsars[28, 29] and supernovas[30–32].
In the previous calculations related to the propagation of neutrinos in a matter, including
the presence of a magnetic field, the electron and nucleon backgrounds are taken to be at
rest since there is no other reference frame defined in the problem at hand. In the present
work, we consider the case in which the medium contains various stream matter back-
grounds, which have a non-zero velocity relative to each other, and including the presence
of a magnetic field.
Before embarking on the details, we state our assumptions more precisely. We assume
that the medium contains a matter background and a magnetic field. In the common
notation, the velocity four-vector of this background is denoted by uµ, and its reference
frame is defined by setting
uµ = (1,~0) . (1)
We will refer to it as the normal background. We assume that in that frame there is a
constant magnetic field ~B = Bbˆ, and in that frame we define
Bµ = Bbµ, bµ = (0, bˆ) . (2)
We can then write the corresponding EM tensor in the form
Fµν = µναβu
αBβ , (3)
and its dual, defined as usual by F˜µν =
1
2
µναβF
αβ, is given by
F˜µν = Bµuν − uµBν . (4)
Fµν and F˜µν are such that
Fµνu
ν = 0 ,
F˜µνu
ν = Bµ . (5)
In the present work we assume that there are additional backgrounds, to which we refer
to as the stream backgrounds, which are superimposed on the normal matter background
having non-zero velocity relative to the normal matter background. For definiteness, we
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consider only the contributions from the electrons and nucleons (N = n, p) in both the
backgrounds, and to refere them we use the symbols s = e,N and s′ = e′, N ′ respectively.
We also use fe = e, e
′ to refer the electrons in either background, and similarly for the
nucleons fN = N,N
′. The symbol f stands for any fermion in either background. In
particular, uµf denotes the velocity four-vector of any of the backgrounds.
As already stated the normal background can be taken to be at rest, so that for all the
species in the normal background we set
uµs = u
µ . (6)
But for the stream backgrounds
uµs′ = (u
0
s′ , ~us′) , (7)
in that same frame.
The main objective of the present work is the calculation of the neutrino dispersion
relations with the simultaneous presence of the stream background and the magnetic field.
Our work is based on the calculation of the thermal self-energy diagrams shown in figure 1,
using the thermal Schwinger propagator, linearized in B, including only the electrons in both
backgrounds, and to the leading order O(1/m2W ) terms. The results of the calculation are
summarized in Eqs. (60)-(63) for the self-energy, and in Eqs. (68)-(72) for the corresponding
dispersion relations. The main result is that for a neutrino propagating with momentum ~k in
the presence of a stream, the neutrino dispersion relation acquires an anisotropic contribution
of the form kˆ · ~us′ in addition to the well known term kˆ · ~B, and the standard isotropic term
receives an additional contribution proportional to ~B · ~us′ . The term involving kˆ · (~us′ × ~B)
does not appear in the dispersion relation, due to time-reversal invariance.
In Section II we summarize the general parametrization of the self-energy, review the
relevant formulas for the electron thermal propagator and the main ingredients involved in
the calculation are given in Section III. The formulas for the parameter coefficients that
appear in the neutrino thermal self-energy are obtained and summarized in Section IV. The
calculation of the contribution of a nucleon stream is also given there as an illustration
of possible generalizations. In Section V we discuss and summarize the main features of
the results obtained for the neutrino dispersion relation, and comment on related work, in
particular the calculation in the case of an inhomogeneous external field.
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FIG. 1. The diagrams that contribute to the neutrino self-energy in a background of electrons and
nucleons to the lowest order for a given neutrino flavor ν` (` = e, µ, τ). Diagram (a) contributes only
to the νe self-energy, while Diagram (b) contributes for the three neutrino flavors. In our calculation
we consider two sets of these two diagrams, one set with the normal background (s = e, n, p) and
another set with the stream backgrounds (s′ = e′, n′, p′).
II. GENERAL CONSIDERATIONS
We denote by Σeff the background-dependent contribution to the neutrino self-energy,
determined from the calculation of the diagrams in figure 1.
Chirality of the neutrino interactions then imply that
Σeff = RΣL , (8)
and the dispersion relation for a given neutrino flavor ν` is then obtained by solving the
equation
(k/− Σ)ψL = 0 . (9)
In the lowest (1-loop) order each background gives a separate contribution Σf to the total
self-energy. In the presence of a constant electromagnetic field each term Σf is a function of
kµ, uµf as well as F
µν , and its general form is
Σf = afk/ + bfu/f + cf F˜
µνufνγµ + dfF
µνufνγµ
+gfF
µνkνγµ + g˜f F˜
µνkνγµ . (10)
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In the present calculation we restrict ourselves to the contact O(1/m2W ) term of the W
propagator, and we do not consider the momentum dependent terms nor its dependence on
the magnetic field. To this order in 1/m2W the af , gf , g˜f terms in Eq. (10) vanish and we do
not consider them any further. Regarding the other terms, for our particular case in which
the field is a pure B field in the rest frame of the normal background, Eq. (5) implies that
Σs, (s = e, n, p), is reduced to
Σs = bsu/ + csB/ , (11)
which is the form used in ref. [16]. However, for the stream backgrounds, using Eq. (4),
Σs′ = bs′u/s′ + cs′ [(u · us′)B/− (B · us′)u/]− ds′E/s′ , (12)
where
Eµs′ = F
µνus′ν = 
µναβus′νuαBβ . (13)
In the rest frame of the normal background Eµs′ has components
Eµs′ = (0, ~us′ × ~B) , (14)
which can be interpreted as the electric field that the stream background particles “see”.
Thus the ds′ term represents an electric dipole type of coupling of the stream background
particles. As we will see, the ds′ is actually not present in our final result for Σs′ , which we
understand as a consequence of the fact that such couplings require time-reversal violating
effects for which there is no source in the context of our calculation. We will discuss this in
further detail in Section V.
In summary, the contribution from each background to the self-energy can be parametrized
in the form
Σf = bfu/f + cf F˜
µνufνγµ . (15)
Therefore for the total self-energy we can write
Σ = V µγµ , (16)
with
V µ =
∑
f
(
bfu
µ
f + cf F˜
µνufν
)
, (17)
which using Eq. (4) can be expressed in the equivalent form
V µ =
∑
f
{
bfu
µ
f + cf [(u · uf )Bµ − (B · uf )uµ]
}
. (18)
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III. THERMAL PROPAGATORS
A. Electron propagator
The internal fermion lines in the diagrams in figure 1 stand for the thermal fermion prop-
agator in an external electromagnetic field, for which we will adopt the linearized Schwinger
propagator used in ref. [33, 34]. We consider first the propagator for the electron, for either
the normal or stream background, and use the notation fe = e, e
′ to refer to any of them.
Following that reference, we write the Schwinger propagator (in the vacuum) in the form
S
(e)
F = S
(e)
0 + S
(e)
B , (19)
where S
(e)
0 is the free propagator
S
(e)
0 =
p/ +me
p2 −m2e + i
, (20)
and S
(e)
B is the linearized B-dependent part of the Schwinger propagator for the electron[35–
39]
S
(e)
B =
eBGe
(p2 −m2e + i)2
, (21)
with
Ge(p) = γ5 [(p · b)u/− (p · u)b/ +meu/b/] . (22)
Ordinarily the thermal propagator is then constructed by the rule[40],
S
(e)
11 = S
(e)
F −
[
S
(e)
F − S¯(e)F
]
η(p · u) , (23)
with η defined, as usual (see below), in terms of the distribution function of the background
electrons, and
S¯
(e)
F = γ
0S
(e)†
F γ
0 . (24)
For the calculation in this work the propagator for each electron background (fe = e, e
′) is
taken to be similar to Eq. (23), but with η(p · u)→ ηfe(p · ufe), i.e.,
S
(fe)
11 = S
(e)
F −
[
S
(e)
F − S¯(e)F
]
ηfe(p · ufe) , (25)
with S
(e)
F as defined in Eq. (19). For any background fermion f the function ηf (p · uf ) is
given by
ηf (p · uf ) = θ(p · uf )ff (p · uf ) + θ(−p · uf )ff¯ (−p · uf ) , (26)
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with
ff (x) =
1
eβf (x−µf ) + 1
,
ff¯ (x) =
1
eβf (x+µf ) + 1
, (27)
βf and µf being the inverse temperature and the chemical potential of the background. S
(fe)
11
can be written in the form
S
(fe)
11 = S
(e)
0 + S
(e)
B + S
(fe)
T + S
(fe)
TB . (28)
where S
(e)
0 and S
(e)
B are the background-independent terms, given above, while S
(fe)
T is the
thermal, but B-independent, part
iS
(fe)
T = −2piδ(p2 −m2e)ηfe(p · ufe)(p/ +me) , (29)
and
iS
(fe)
TB = (eB)2piδ
′(p2 −m2e)ηfe(p · ufe)Ge(p) , (30)
which is the part that is of most interest to us. Notice that the factor Ge(p) that appears
here is the same for both the normal and stream backgrounds, defined in Eq. (22), since it
refers to the B-dependent part of the vacuum Schwinger propagator. It is useful to note
that
BGe(p) = F˜
µνpνγµγ5 +
i
2
meF˜
µνσµνγ5 , (31)
where F˜µν is given in Eq. (4) and σµν =
i
2
[γµ, γν ].
B. Nucleon propagator
A nucleon (N = n, p) has an anomalous magnetic moment coupling that also contributes
to the B-dependent part of the neutrino thermal self-energy. The formula analogous to Eq.
(28) for the thermal Schwinger propagator for a nucleon including the anomalous magnetic
moment coupling, was obtained in ref. [34]. Adapting that result to our case, the thermal
Schwinger propagator for a nucleon in either the normal or stream background (fN = N,N
′)
is
S
(fN )
11 = S
(N)
0 + S
(N)
B + S
(fN )
T + S
(fN )
TB , (32)
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where S
(N)
0 is the free nucleon propagator, and
S
(N)
B =
eNBGN(p) + κNBHN(p)
(p2 −m2N + i)2
,
iS
(fN )
T = −2piδ(p2 −m2N)ηfN (p · ufN )(p/ +mN) ,
iS
(fN )
TB = 2piδ
′(p2 −m2N)ηfN (p · ufN )
× [eNBGN(p) + κNBHN(p)] , (33)
Here we denote by uµfN the velocity four-vector of the nucleon background, while eN and κN
stand for the nucleon electric charge and anomalous magnetic moment, respectively. As in
the electron case above, our working rule is that Eq. (33) holds for either a normal or stream
nucleon background, with the corresponding choice of uµfN . GN(p) is the same function given
by Eqs. (22) and (31), with the substitution me → mN , while
HN(p) = (p/ +mN)γ5u/b/(p/ +mN) . (34)
In analogy with Eq. (31), here we note that HN(p) can be rewritten in the form
BHN(p) = (p/ +mN)
i
2
F˜ µνσµνγ5(p/ +mN) . (35)
IV. CALCULATION
A. W -diagram
For a given background fe = e, e
′, the W diagram in figure 1 gives a contribution to the
neutrino thermal self-energy
− iΣ(W )fe =
(−ig√
2
)2
i
m2W
∫
d4p
(2pi)4
γµLiS
(fe)
11 (p)γµ . (36)
Using Eq. (25) and retaining only the background-dependent part,
Σ
(W )
fe
=
(
Σ
(W )
fe
)
T
+
(
Σ
(W )
fe
)
TB
, (37)
where
−i
(
Σ
(W )
fe
)
T
=
(−ig√
2
)2
i
m2W
∫
d4p
(2pi)4
γµLiS
(fe)
T (p)γµ ,
−i
(
Σ
(W )
fe
)
TB
=
(−ig√
2
)2
i
m2W
∫
d4p
(2pi)4
γµLiS
(fe)
TB (p)γµ , (38)
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which correspond to the B-independent and B-dependent contribution to the neutrino ther-
mal self-energy, respectively. By simple Dirac algebra they can be expressed in the form(
Σ
(W )
fe
)
T
=
(
g2
m2W
)
I/fe ,(
Σ
(W )
fe
)
TB
= −
(
eg2
m2W
)
F˜ µνJfeνγµ , (39)
where we have used Eq. (31), and
Ifµ =
∫
d4p
(2pi)3
δ(p2 −m2f )ηf (p · uf )pµ ,
Jfµ =
∫
d4p
(2pi)3
δ′(p2 −m2f )ηf (p · uf )pµ . (40)
The integrals Ifµ, Jfµ must be of the form
Ifµ = I˜fufµ ,
Jfµ = J˜fufµ , (41)
with the coefficients given by
I˜f =
∫
d4p
(2pi)3
δ(p2 −m2f )ηf (p · uf )p · uf ,
J˜f =
∫
d4p
(2pi)3
δ′(p2 −m2f )ηf (p · uf )p · uf , (42)
which can then be evaluated in any reference frame since they are scalar integrals. A conve-
nient one to use is the rest frame of each background f . Denoting the energy and momentum
of the background particles in that reference frame by Ef and ~P , a straightforward evaluation
yields
I˜f =
1
4
(nf − nf¯ ) ,
J˜f = −1
2
∫
d3P
(2pi)32Ef
d
dEf
(
ff (Ef )− ff¯ (Ef )
)
, (43)
where
nf,f¯ = 2
∫
d3P
(2pi)3
ff,f¯ (Ef ) , (44)
and
Ef =
√
~P 2 +m2f . (45)
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Therefore (
Σ
(W )
fe
)
T
= b
(W )
f u/fe ,(
Σ
(W )
fe
)
TB
= c
(W )
f F˜
µνufeνγµ , (46)
where
b
(W )
fe
=
g2
4m2W
(nfe − nf¯e) ,
c
(W )
fe
=
eg2
2m2W
{∫
d3P
(2pi)32Ee
d
dEe
(
ffe(Ee)− ff¯e(Ee)
)}
. (47)
B. Z-diagram
For the Z diagram we need the following neutral current couplings,
LZ = − g
2 cos θW
Zµ
[ ∑
s=e,n,p
s¯γµ(Xs + Ysγ5)s+
∑
`
ν¯L`γµνL`
]
, (48)
where
Xe = −1
2
+ 2 sin2 θW ,
Ye =
1
2
, (49)
and
Xp = −Xe ,
Xn = −1
2
,
Yn = −Yp = 1
2
gA . (50)
The parameters XN , YN are the vector and axial vector form factors of the nucleon neutral-
current at zero momentum transfer. In Eq. (50), gA stands for the normalization constant
of the axial charged vector of the nucleon, gA = 1.26.
The Z diagram contribution is
−iΣ(Z)f =
( −ig
2 cos θW
)2(
i
m2Z
)
× (−1)
{∫
d4p
(2pi)4
Tr γµ(Xf + Yfγ5)iS
(f)
11 (p)
}
γµ , (51)
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and retaining only the background-dependent part,
Σ
(Z)
f =
(
Σ
(Z)
f
)
T
+
(
Σ
(Z)
f
)
TB
, (52)
where (
Σ
(Z)
f
)
T
= −
(
g2
4m2W
)
×
{∫
d4p
(2pi)4
Tr γµ(Xf + Yfγ5)iS
(f)
T (p)
}
γµ ,(
Σ
(Z)
f
)
TB
= −
(
g2
4m2W
)
×
{∫
d4p
(2pi)4
Tr γµ(Xf + Yfγ5)iS
(f)
TB(p)
}
γµ . (53)
We consider the contributions from the electron and the nucleon backgrounds separately.
1. Electron background contribution
In terms of the integrals Ifµ, Jfµ defined in Eq. (40),(
Σ
(Z)
fe
)
T
=
(
g2Xe
m2W
)
I/fe ,(
Σ
(Z)
fe
)
TB
=
(
eg2Ye
m2W
)
F˜ µνJfeνγµ . (54)
Comparing with Eq. (39), we then obtain(
Σ
(Z)
fe
)
T
= Xe
(
Σ
(W )
fe
)
T
,(
Σ
(Z)
fe
)
TB
= −Ye
(
Σ
(W )
fe
)
TB
, (55)
with he final expressions for
(
Σ
(W )
fe
)
T
and
(
Σ
(W )
fe
)
TB
given in Eq. (46).
2. Nucleon background contribution
We consider here the nucleon backgrounds. As with the electron case, what interests us
is the contribution to the neutrino self-energy arising from S
(fN )
T and S
(fN )
TB , corresponding
to the B-independent and B-dependent contributions of each background (fN = N,N
′).
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Denoting them by
(
Σ
(Z)
fN
)
T
and
(
Σ
(Z)
fN
)
TB
, respectively. From Eq. (53),
−i
(
Σ
(Z)
fN
)
X
=
( −ig
2 cos θW
)2(
i
m2Z
)
× (−1)
{∫
d4p
(2pi)4
Tr γµ(XN + YNγ5)iS
(fN )
X (p)
}
γµ , (56)
where X stands for either subscript, T or TB. The calculation involving S
(fN )
T (p) and the
GN(p) term of S
(fN )
TB (p) follows the steps that lead to Eq. (54). On the other hand, using
Eq. (35) it follows that
Tr γµ(XN + YNγ5)BHN(p) = −8mNYN F˜ µνpν . (57)
Thus we obtain (
Σ
(Z)
fN
)
T
=
(
g2XN
m2W
)
I/fN ,(
Σ
(Z)
fN
)
TB
=
(
g2YN
m2W
)
(eN + 2mNκN) F˜
µνJfNνγµ , (58)
where IfNµ and JfNµ are the integrals given by Eq. (40), with f = fN . Thus, the contribution
of a nucleon background to the neutrino self-energy is given by
Σ
(Z)
fN
= bfNu/fN + cfN F˜
µνufNνγµ , (59)
with
bfN =
g2XN
4m2W
(nfN − nf¯N ) ,
cfN = −
(
g2YN
2m2W
)
(eN + 2mNκN)
×
{∫
d3P
(2pi)32EN
d
dEN (fN(EN)− fN¯(EN))
}
. (60)
C. Summary
Using the results given in Eqs. (46), (55) and (59), the thermal self-energy for each
neutrino flavor
Σ =
 Σ
(W )
e + Σ
(Z)
e + Σ
(W )
e′ + Σ
(Z)
e′ (νe)
Σ
(Z)
e + Σ
(Z)
e′ + Σ
(Z)
n + Σ
(Z)
n′ + Σ
(Z)
p + Σ
(Z)
p′ (νµ,τ )
(61)
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is given by
Σ =
∑
f=e,e′,n,n′,p,p′
bfu/f + cf F˜
µνu/fνγµ , (62)
where, for fe = e, e
′,
bfe =
g2
4m2W
(nfe − nf¯e)×
 1 +Xe (νe)Xe (νµ,τ )
cfe =
(
eg2
2m2W
){∫
d3P
(2pi)32Ee
d
dEe
(
ffe(Ee)− ff¯e(Ee)
)}
×
 1− Ye (νe)−Ye (νµ,τ ) (63)
The formulas for bfN and cfN (fN = N,N
′) are given in Eq. (60) and they hold for any
neutrino flavor. Thus, Σ is of the expected form discussed in Section II [e.g., Eq. (15)], in
particular with de′ = 0 as anticipated there, with the coefficients bf , cf given above in Eqs.
(63) and (60).
V. DISCUSSION AND CONCLUSIONS
A. Dispersion relations
For the purpose of determining the dispersion relations we use the expression for Σ in
terms of V µ, Eq. (16). The equation for the propagating neutrino modes, Eq. (9), then
becomes
(k/− V/)ψL = 0 , (64)
and the dispersion relations are obtained by solving
k0 − V 0 = ±
∣∣∣~k − ~V ∣∣∣ . (65)
Remembering that V µ does not depend on k (to the order 1/m2W that we are considering in
this work), the solutions are k0 = ω±(~k), where
ω±(~k) = V 0 ±
[
|~k| − kˆ · ~V
]
, (66)
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with kˆ being the unit vector along the direction of propagation. The dispersion relation for
the neutrino and the antineutrino are identified as usual,
ων(~k) ≡ ω+(~k) ,
ων¯(~k) ≡ −ω−(−~k) , (67)
which to the lowest order yield
ων,ν¯(~k) = |~k| ± δ , (68)
where the upper(lower) sign holds for the neutrino(antineutrino) and
δ = V 0 − kˆ · ~V . (69)
Explicitly, using Eq. (18),
δ =
∑
f
δf (70)
with
δf = bfu
0
f + cf ~B · ~uf − bf kˆ · ~uf − cfu0f kˆ ·B . (71)
The fact that the dispersion relation in the presence of a magnetic field has an anisotropic
term proportional to kˆ · ~B is well known. As we have already mentioned many of its possible
effects have been studied and more complete calculations involving higher order contributions
have been performed in the references cited. The above results show that in the presence of
a stream (with a velocity four-vector uµf relative to the normal background), the dispersion
relation acquires another anisotropic term of the form kˆ · ~uf . Furthermore, the standard
isotropic (Wolfenstein) term receives an additional contribution proportional to ~B · ~uf that
involves the stream velocity and the magnetic field.
It has been suggested repeatedly in the literature that the anisotropic terms in the neu-
trino dispersion relations can have effects in several astrophysical environments including
pulsars [28] and the dynamics of supernovas[30–32]. The resonance condition for neutrino
oscillations in a magnetic field depends on kˆ · ~B, and therefore is satisfied at different depths,
corresponding to different densities and temperatures. This difference results in an asymme-
try in the momentum distributions of the neutrinos. In the presence of a stream background,
the neutrino asymmetry will depend on the relative orientation of the three vectors ~k, ~B, ~uf .
As an example, let us consider specifically the two-stream electron background. Denoting
the velocity four-vector of the stream by vµ, then
δ = be + ce′ ~B · ~v + be′v0 − be′ kˆ · ~v −
(
ce + ce′v
0
)
kˆ · ~B . (72)
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We wish to compare the size of the term proportional to kˆ · ~v relative to kˆ · ~B, thus we
consider the quantity
r =
be′
(ce + ce′v0)B
. (73)
For simplicity we will take v0 ∼ 0, and for definiteness we will assume that the two back-
grounds are described by the classical thermal distribution functions. In that case,
dff
dEf = −βf ff , (74)
and similarly for ff¯ , and therefore,
cfe ∼
g2
m2W
∆Nfe
Bc

me
Tfe
(NR limit Tfe  me)(
me
Tfe
)2
(ER limit Tfe  me)
(75)
where we have defined ∆Nf = nf − nf¯ and Bc = m2e/e. On the other hand,
be′ ∼ g
2
m2W
∆Ne′ , (76)
in any case. We can consider two possibilities, according to whether ce  ce′ or the way
around. For definiteness let us consider the case ce  ce′ . This situation can occur, for
example, if the temperature of the normal background is greater than the temperature of
the stream. In this case
r =
be′
Bce
∼ 1
B/Bc
(
∆Ne′
∆Ne
)
(
Te
me
)
(Te  me)(
Te
me
)2
Te  me)
(77)
The indication is that it is possible that r ∼ 1 for acceptable values of the parameters
involved. In other words, it is conceivable that there are environments where the conditions
are such that the asymmetries due to the kˆ · v and kˆ · ~B terms can be comparable. The
above formulas are based on the linear approximation in the magnetic field and therefore
are valid only for B  Bc.
We mention that in the discussion above, in particular in writing Eq. (72), we have
considered a two-stream system without explaining its physical origin, therefore in this
sense the stream velocity ~v is not specified. However, the results can be used in specific
applications or situations in which the stream velocity is determined and/or restricted by
the particular physical conditions of the problem, for example if the stream velocity is due
to the drift of electrons in the B field. In such a case, since the Lorentz forces makes charged
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particles drift only along the B axis but not in the perpendicular plane, the results can be
applied to that case as well by taking ~v to be on the ~B axis.
Similar results are obtained in other cases as well. To include other backgrounds we just
have to add to δ the corresponding δf . For example, for a stream nucleon background,
δN ′ = bN ′u
0
N ′ + cN ′ ~B · ~uN ′ − bN ′ kˆ · ~uN ′ − cN ′u0N ′ kˆ ·B . (78)
The quantitative estimates of the effects in realistic situations of the additional asymmetric
terms that we have reported above involve stellar astrophysics studies that are beyond the
scope of the present work. But as we have suggested they are subjects worth of further
study.
B. Comment on the Fµνufνγµ term
The calculations of Section IV confirm explicitly that the df term in the general expression
for the thermal self-energy [Eq. (10)] is zero, as it was anticipated in Section II. This result
can be understood by making reference to previous work [41], where the conditions under
which such dipole-type couplings may appear in the neutrino effective Lagrangian were
studied. To establish contact with that reference, notice that the terms involving cf , df in
Eq. (10) are represented by the operators
O′M = cf F˜
µνufν ν¯LγµνL , O
′
E = dfF
µνufν ν¯LγµνL , (79)
in the neutrino effective Lagrangian. The coefficients cf , df here correspond to the coefficients
that were denoted by d ′M,E there, respectively (evaluated at k = 0). Borrowing the results of
that reference [e.g., Eqs. (14) and (16b)] the presence of O′E requires time-reversal violation
at some level. Since there is no source of T violation in the context of our calculation, the
O′E term is not generated. On the other hand O
′
M is even under time-reversal but odd under
CP , and therefore it can be generated if the background is CP asymmetric.
Here we would like to point out the following. In the presence of non-constant fields (non-
static and/or nonhomogeneous) there can be additional terms involving the derivatives of
Fµν and/or F˜µν . For example, limiting ourselves to terms with first derivatives, consider the
following
O′′E = hf
(
∂λF µν
)
ufλufν ν¯LγµνL . (80)
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This term is even under CP and even under time-reversal. Therefore, it can be present in
the effective Lagrangian without implying time-reversal violation and even if the background
and the interactions are CP -symmetric. This contrasts with O′M which is CP -odd and
therefore does not exist if the background is CP -symmetric (neglecting the CP violating
effects of the weak interactions). O′′E can give additional anisotropic contributions to the
neutrino dispersion relation [e.g., Eq. (72)] that are not present otherwise, with different
kinematic properties from the constant field case. For example, in the presence of a static
but inhomogeneous field, it gives a term involving the gradient of kˆ · (~v × ~B).
Of course this type of term (with derivatives of the electromagnetic field) do not appear
in the approach we are using in the present work based on the electron thermal propagator
in a constant B field. Instead we have to resort to the type of approach employed in Ref.[16],
which is based on calculating the electromagnetic vertex first, and then taking the static
limit in a suitable way to obtain the self-energy in the (inhomogeneous) external field. We
have performed this calculation and the results are presented separately [42].
C. Conclusions
To summarize, in this work we have studied the propagation of a neutrino in a magnetized
two stream plasma system. Specifically, we considered a medium that consists of a normal
electron background plus another electron stream background that is moving as a whole
relative to the normal background. In addition, we assume that in the rest frame of the
normal background there is a constant magnetic field.
Using the thermal Schwinger propagator for the electrons in the medium we have cal-
culated the neutrino self-energy in such environment, linearized in B and to the leading
order O(1/m2W ) terms. The results of the calculation are summarized in Eqs. (60)-(63).
From the self-energy the dispersion relations were obtained in the standard way, and the
corresponding formulas are summarized in Eqs. (68)-(72).
In the presence of the stream (with velocity ~v relative to the normal background), the
dispersion relation acquires an anisotropic term of the form kˆ ·~v in addition to the well known
term of the form kˆ · ~B, and the standard isotropic term receives an additional contribution
proportional to ~B ·~v that involves the stream velocity and the magnetic field. We explained
why a term of the form kˆ · (~v × ~B) does not appear in the dispersion relation, due to time-
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reversal invariance, and why a term of similar kinematic form can appear in the presence
of an inhomogeneous magnetic field, involving the derivative of the field. We have given
the explicit formulas for the dispersion relations and outlined possible generalizations, for
example to include the nucleon contribution or the case of non-homogeneous fields. We
have made simple estimates of the magnitude of the asymmetric terms proportional to kˆ · ~v
and kˆ · ~B, and found that they can be comparable for acceptable values of the parameters
involved.
In the context of plasma physics the propagation of photons in two stream plasma systems
is a well studied subject. Here we have started to carry out an analogous study for the case of
neutrinos. The present work is limited in several ways, for example by restricting ourselves
to an electron background and stream, the linear approximation in the B field, and the
calculation of only the leadingO(1/m2W ) terms. However, the results reveal interesting effects
that are potentially important in several physical contexts, such as supernova dynamics and
gamma-ray bursts physics where the effects of such systems are a major focus of current
research, and in this sense our work motivates and paves the way for further calculations
without these simplifications.
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